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Vortex-induced vibration of cylinder
under sub-critical Reynolds numbers
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Abstract: [Objective] In order to accurately predict the amplitude response of the vortex-induced vibration (VIV) of
a cylinder under sub-critical Reynolds numbers, a numerical simulation is proposed to establish the relationship
between a lift coefficient and amplitude ratio (C/-4/D) of the cylinder under forced vibration. [Methods] On the
basis of the Realizable k-& model, a two-dimensional numerical simulation is carried out on the forced vibration of
the cylinder by using the finite volume method. The lift coefficient curves under different amplitude ratios with an
excitation frequency ratio f./f,=1 are obtained through calculation. The lift coefficient corresponding to the maximum
vibration velocity of the cylinder is then selected to establish the C/-A/D curve. [Results] The results show that the
overall trend of the C/-A/D curve is in good agreement with the prediction results of SHEAR7. At the same time, it is
found that the zero-lift coefficient points under different excitation frequency ratios are all located near 4/D = 0.8,
and the wake vortex shedding mode changes around 4/D=0.8 from P+S to 2P (P represents a pair of vortex shedding
with opposite rotation directions, and S represents a single vortex shedding). In the VIV experiment of a cylinder, the
maximum amplitude when a locking state is reached is around 0.8 D. [Conclusions] The amplitude ratio
corresponding to the zero-lift coefficient of the Cl-A/D curve of the cylinder under forced vibration and sub-critical
Reynolds number is consistent with the maximum response amplitude ratio of the cylinder under VIV, and the wake
vortex shedding mode of the cylinder changes under this amplitude ratio.
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of the wake vortex shedding mode of vibrating ris-

0 Introduction ers through forced vibration experiments and divided

Marine risers are mostly flexible pipes, which different regions according to the vortex shedding

vibrate freely under the sea currents. However, due
to the complex topology of the sea floor, the two
ends of a certain riser laid on the sea floor are easily
constrained, and a span is thus formed, and the riser
will vibrate and cause damage under the sea cur-
rents. In research, this riser is usually considered as
a rigid pipe elastically installed, and its hydrody-
namic characteristics are studied by self-induced
vibration or forced vibration 121,

Williamson et al. classified the structural patterns
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modes Bl. Peppa et al. analyzed the energy transfer
relationship between the incoming flow under low
Reynolds numbers and riser structure and found
that the wake vortex shedding mode was 2S at low
dimensionless amplitude ratios (S indicates a single
vortex shedding), and the mode gradually became
complicated athigh dimensionless amplitude ratios [,
Meneghini et al. used the vibration frequency and
amplitude of risers as variables, studied the wake
vortex shedding frequency and the locking state of
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lateral vibrating risers at Re = 200, and identified
the maximum amplitude value and variation range
of vibration frequency when locking occurred at
corresponding Reynolds numbers Bl Morse et al.
6-71 discovered a new wake vortex shedding mode
through experiments involving forced vibration and
self-induced vibration of cylinders, and the mode
belongs to the transition region of 2S and 2P modes
(P represents a pair of vortex shedding with oppo-
site rotation directions) and is defined as 2P, mode.
Wang et al. ! conducted a two-dimensional nu-
merical simulation of the lateral forced vibration of
cylinders in uniform flow (Re = 200) based on com-
pact interpolation. Through the study on the sudden
lift mutation of cylinders with lateral vibration in
the constant flow, Zhu et al. P! found that as the
forced vibration amplitude increases, the pulsating
lift coefficient of the cylinder will undergo a sudden
decay, and under static condition, the vortex shed-
ding frequency of the cylinder and the fluctuation
controlled by the forced vibration frequency have a
phase inversion, which makes the energy transfer
between the cylinder and the fluid change reversely.
From the perspective of marine engineering ap-
plications, the study on forced vibration of elastically-
supported risers aims to reveal the underlying laws
of self-induced vibration and provide reliable exper-
imental data for the prediction model of vortex-in-
duced vibration (VIV) in marine risers 1. In fact,
most VIV predictors are corresponding prediction
models based on a database obtained from forced
VIVANA and
SHEAR?7 "2 50 as to meet the needs of engineer-

vibration experiments, such as
ing applications.

Self-induced vibration could intuitively reveal
the phenomenon of VIV when the cylinder is sub-
jected to a fluid force, but forced vibration could
reveal the hydrodynamic characteristics under the
interaction between fluid force and vibration at a
deeper level M3l There are great differences in the
flow field changes and vibration responses between
forced vibration and self-induced vibration, and lit-
tle literature has involved in-depth research on the
internal relationship between the two types of exper-
iments. On this basis, this paper will integrate the
numerical calculation of forced vibration and the
experiment of self-induced vibration and link the
dynamic response of forced vibration and the transi-
tion of vortex shedding mode with the maximum
amplitude when the self-induced vibration encoun-
ters the locking state, in-a bid to provide a reference

for in-depth discussions of the relationship between
the two.

1 Numerical model

1.1 Control equations

The flow field motion is simulated with a two-
dimensional, incompressible, and viscous fluid, and
its control equations, the Navier-Stokes system of
equations, are represented in coordinate systems as
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where u and v are the components of fluid velocity

in the x and y directions, respectively; p is the pres-
sure; v is the viscosity coefficient of fluid motion; p
is the fluid density.

The solver used in this paper is the Realizable k-¢
turbulence model in the STAR-CCM+ software.
The standard k-& model has advantages such as fast
and stable calculation, as well as reasonable results,
and thus it is suitable for calculating fluids of high
Reynolds numbers. However, the model is not rec-
ommended for separated flow. The Realizable k-¢
turbulence model proposed by Shih et al.['* is an
improved version of the standard k- & model and
could better simulate the boundary layer flow and
separated flow with a strong pressure gradient. The
transport equations of the turbulent kinetic energy
and dissipation rate are as follows
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where u is the viscosity coefficient of dynamics; u,

is the turbulent viscosity; €1 = max lOAS’TI—ZSJ ,
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n= ;k; C.=144 C,=19; ¢, and o, are the turbu-

lent Prandtl number of turbulent kinetic energy and
dissipation rate of k and &, respectively. o, equals
1.9, and o, equals 1.2. G, is the turbulent kinetic en-
ergy generation term caused by the average velocity
gradient. G, is the turbulent kinetic energy genera-
tion term caused by buoyancy. Y, is the contribu-
tion rate of fluctuating expansion to the total dissi-
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pation rate in compressible fluids. S, and S, are user-
defined source terms. C;, equals zero, which indi-
cates that the flow direction is perpendicular to the

gravity direction.

1.2 Calculation domain and boundary
conditions

The STAR-CCM+ software can effectively simu-
late the lateral forced vibration of a cylinder under a
uniform incoming flow. First, the cylinder requires
a subtraction operation, and different field functions
are applied to the overlapping grids with the sub-
traction operation, so as to simulate the motion of
the cylinder under different frequencies and ampli-
tudes. The uniform flow velocity through the cylin-
der is U,,.

The calculation domain is shown in Fig. 1, in
which the direction of the incoming flow velocity is
parallel to the x axis, and the lateral vibration direc-
tion of the cylinder is parallel to the y axis. The
diameter of the cylinder D equals 0.05 m, and its
symmetrical boundaries are 20 D above and below
the center of the cylinder. 20 D to the left of the cen-
ter is the speed inlet, and 50 D to the right of the
center is the pressure outlet. The cylinder surface is

non-slip.

5 Ay g ¥ (O=Asin 2nf)
Sy

40.D
=

70D

Fig. 1 Computational domain of cylinder's forced vibration

The cylinder conducts lateral forced vibration
along the y axis, which is perpendicular to the direc-
tion of the incoming flow. The instantaneous dis-
placement is

y(t) = Asin(2n f.t) (6)
where 4 is the amplitude of the cylinder's lateral
vibration, and f, is the excitation frequency of the
cylinder's forced vibration.

During the forced vibration, the instantaneous

velocity of the cylinder in the y axis is
v, (8) = 2nf.Acos(2nf.1) @)
When the cylinder begins to vibrate, the instanta-
neous velocity v, (0) equals 2nf.4.

2 Verification of calculation feasibility

2.1 Verification of fixed cylinder

The meshing method and grid number directly af-
fect the accuracy of the calculation results. To this
end, the meshing method involving polygonal and
prism layers is adopted. The extension area and rear
area of the cylinder's lateral vibration are locally en-
crypted, and the overlapping grids which could cov-
er the cylinder's motion are set around the cylinder,
and the size of the overlapping area is 2D X 5D.
The meshing method is shown in Fig. 2, and the cal-
culation model is a structured grid with high accura-
cy. The wall-function method is used to perform
near-wall treatment on the cylinder's surface, and
grids in the first layer of the surface meet the condi-
tion of y+ = 1. With Re = 20 000, the incoming
flow velocity U, equals 0.356 m/s. If the density of
the fluid is 997 kg/m?, and the dynamic viscosity is
0.895 x 1073 kg/(s'm), the thickness of the grids in
the first layer adjacent to the surface As equals 0.04
mm through calculation. If the number of prism lay-
ers n equals 10, and the growth rate ¢ is 1.3, accord-
ing to 0 =(As(1-¢"))/(1-q), the total thickness of the
boundary layer is 1.67 mm.

Fig.2 Meshing of fixed grids

The irrelevance of the grid and time step size is
verified. While ensuring the accuracy of calcula-
tion, the paper saves the cost, and the final number
of grids is 390 000, and the time step size is 0.01 s.
In order to verify the reliability of the calculation
model, the winding problem of fixed and vibrating
cylinders in the uniform flow of Re = 20 000 is nu-
merically calculated, as shown in Fig. 3, and the
characteristic frequency of vortex shedding of the
cylinder is determined to be 1.46 Hz by observing
the curve of energy spectrum density of the lift coef-

ficient.
According to the formula
g _Jo'D
=0 ®)

where f;, is the wake vortex shedding frequency of
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Fig.3 Energy spectrum density of lift coefficient of fixed
cylinder with Re =20 000

the cylinder, and the Strouhal number S, = 0.204 8
of the fixed cylinder with Re = 20 000 can be ob-
tained, which is basically consistent with S, = 0.2 in
literature [15].

2.2 Calculation of forced vibration of the
cylinder

The numerical calculation of forced vibration of
the cylinder under the same incoming flow condi-
tions was performed. The results obtained at A/D =
0.5 and a frequency ratio of forced vibration of
0.5 < fJJf. < 1.5 (f; is the Strouhal frequency) are
compared with the numerical results by Yu et al. [®]
and the experiment results by Sarpkaya ['7l. As can
be seen from Fig. 4, the calculation results of this
paper are consistent with the trend of change in the
amplitude of the maximum lift coefficient in litera-
ture 1617 As the frequency ratio increased, the
curves showed an increasing trend and leaped
around fi/f; = 1 "Y1 Due to the difference be-
tween the corresponding Reynolds numbers in this
paper and the reference condition, as well as the dif-
ference in the corresponding frequency ratio, the re-
sult is biased and consistent with the actual situa-
tion. The example above verified that the proposed
model could be used to solve the problem of forced

vibration of cylinders under sub-critical Reynolds

numbers.
5
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3 Analysis of calculation results

3.1 Numerical analysis of forced vibration

This paper adopts the method of external excita-
tion to make the cylinder perform self-induced
vibration-like motion under the uniform flow. By
controlling 4 and f, the time-domain curve of the
cylinder's displacement shows a simple harmonic
motion pattern. The dimensionless amplitude ratio
A/D and the excitation frequency ratio f./f, are
shown in Table 1 (f,is the natural frequency of the
structure, which takes into account the additional
water mass). A threshold for the corresponding
amplitude appears when VIV reaches the locking
state 1), and the minimum 4/D is 0.3. f, = 0.714 2 Hz

was obtained from free attenuation vibration experi-

ments.
Table 1 Dimensionless frequency ratio and amplitude ratio
AID 14
0.3~1.2 0.83. 091, 1.00, 1.11, 1.25, 1.42

Since the cylinder is subjected to the dual action
of the fluid force and the excitation force during
forced vibration, it is assumed that the lift obtained
in the numerical calculation is F,,, and the lift pro-
vided by the fluid force is F,. The effect of forced
vibration on the lift of the cylinder is expressed by
inertia force F;. The relationship between the three
can be expressed by Eq. (9):

Fo=F+F, 9

When the directions of F| and F; are the same, F,,
is greater than F;. When the direction of F| is oppo-
site to that of F;, F, is smaller than F|. When the
cylinder is fixed, i.e., 4/D = 0, F; equals zero, and
F, equals F|. In addition, when the vibration veloci-
ty of the cylinder reaches the maximum value,
which means that the vibration acceleration is zero,
F; equals zero, and F,, equals F. It can be seen that
when the vibration velocity of the cylinder reaches
its maximum during a single vibration cycle, the
measured lift is provided only by the fluid force.

Fig.5 shows the curve of the vibration velocity v,
and the corresponding lift coefficient C/ curve in a
single cycle under different amplitude ratios and
fJf, = 0.83. As can be seen from the figure, the vi-
bration velocity curve always follows the pattern of
simple harmonic motion, but due to the influence of
inertia force by forced vibration, the lift coefficient
curve in asingle cycle does not change regularly.
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Fig. 5 Vibration velocity and lift coefficient curve in a single cycle

When A/D is large enough, it can be observed that
the lift coefficient curve contains multiple peaks in
a single cycle.

Meanwhile, it can be found that as A/D increases,
in the rising stage of the cylinder (0-0.57), the lift
coefficient value corresponding to the maximum vi-
bration velocity (0.257) will change from positive
to negative. In the declining stage (0.57-7), the lift
coefficient value corresponding to the maximum vi-
bration velocity (0.757) will change from negative
to positive. In the study of forced vibration, the lift
coefficient of the fixed cylinder (4/D = 0) is usually
positive. Therefore, at the end approaching 4/D = 0,
the lift coefficient should be positive. In the numeri-
cal calculation of the forced vibration in this paper,
the position (0.257) where the vibration velocity of
the cylinder reaches the maximum in the rising
stage is selected as the lift coefficient monitoring
position.

Fig.6 is a conservative model in the VIV predic-
tor SHEAR7, where the C/-A/D curve under differ-
ent dimensionless frequency ratios is usually ob-
tained by data points (0, Cl,), ((4/D)", Cl,,,), and
((A/D)max, 0) through quadratic function fitting,
where (4/D)" and (4/D),,,, represent the dimension-
less amplitude ratio "1 when the lift coefficient is
zero and maximum, respectively. In the model, CI
rises first and then decreases as 4/D increases, and

meanwhile, it gradually changes from positive to
negative.

cl Loc‘king

Positive lift coefficient— ! Locking

Excitation

Negative lift coefficient
> Restriction

A/D
Fig. 6 Variation of C/ with dimensionless 4/D

Fluid forces can improve the amplitude of the
cylinder, while vibration can prevent the amplitude
of the cylinder from increasing ?°. Under their
interaction, when the lift coefficient is positive, it
means that the vibration has a limited ability to con-
strain the fluid force. If the incoming flow velocity
continues to increase at this time, the riser's ampli-
tude can still enhance, which indicates that the am-
plitude of the cylinder will increase as the incoming
flow velocity rises when the VIV does not reach the
locking state. As the amplitude ratio increases, the
vibration's ability to constrain the fluid force is fur-
ther enhanced until the lift coefficient at the equilib-
rium position is zero. At this time, the two forces
are balanced, and the amplitude reaches the maxi-
mum and no longer increases. It is worth mention-
ing thatin VIV, the restriction effect of the vibration
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will not exceed the excitation effect of the fluid
force. In other words, the lift coefficient will never
be negative. Therefore, when the locking state is
reached, as flow velocity varies within a certain
range, the amplitude of the cylinder can still remain
unchanged at the maximum value even if the flow
velocity is increased.

The forced vibration of the cylinder occurs under
external excitation. By changing A/D, the paper ob-
serves the lift coefficient at the monitoring position
and fits the variation curve of the C/ with 4/D under
different f./f,. By conducting third-order polynomial
fitting of the numerical calculation results under
each working condition, as well as controlling the
fitting condition of C/, = 0.168 (the lift coefficient
of the fixed cylinder at Re = 20 000), the paper ob-
tains a fitted curve. By inputting relevant parame-
ters and conditions in SHEAR?7, the paper can also
obtain a predicted fitted curve. Two fitted curves un-
der the same frequency ratio are compared and ana-
lyzed, and the results are shown in Fig. 7.

As can be seen from Fig. 7, the fitted curve of the
numerical calculation results obtained under differ-
ent excitation frequencies is highly consistent with
the SHEAR?7 fitted curve, which indicates that the
lift coefficient rises first and then falls as 4A/D in-
creases. The traditional methods for the lift coeffi-
cient in the calculation of forced vibration often fail
to show this trend, and this indicates that the lift co-
efficient selected at the maximum vibration velocity
in the rising stage is suitable for establishing a VIV
prediction model.

To further understand the relationship between
the fitted curve of the numerical calculation results
and the amplitude response of the VIV, the zero-lift
coefficient point near f./f, = 1 is analyzed. As shown
in Fig. 8, the zero-lift coefficient point at the equi-
librium position remains around 4/D=0.8. Through
comparative analysis with the SHEAR7 prediction
model, it can be seen that the maximum amplitude
should remain around 0.8D when the VIV reaches
the locking state under the sub-critical Reynolds
numbers. As a result, the maximum amplitude re-
sponse of the cylinder under a self-induced frequen-
cy ratio f, /f, = 1 can be predicted, and f,, is the
wake vortex shedding frequency of the cylinder dur-
ing self-induced vibration.

According to Fig. 8, under the same amplitude
ratio, the lift coefficient gradually increases as the
frequency ratio rises. When f./f, equals 1.42, the lift
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excitation frequencies
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Fig. 8 Variation of C! with 4/D under different working
conditions
coefficient is greatly increased compared with other
groups, and a burst occurs ['2l. The relevant mecha-

nism needs to be further explored.
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3.2 Comparative analysis of self-induced
vibration experiments

The numerical calculation of forced vibration
shows that the corresponding amplitude ratio is
maintained at around 0.8 when the lift coefficient at
the monitoring position is zero. Under self-induced
vibration, the maximum amplitude of VIV of the
cylinder elastically installed at the sub-critical
Reynolds number is predicted to be around 0.8D,
and it is in a locking state at this time (f,,/f, = 1). In
order to verify the prediction results, self-induced
vibration experiments were designed and performed.

Fig.9 shows an experimental device for self-
induced vibration, in which the vibrating cylinder is
embedded in the vibrating frame and elastically in-
stalled on a fixed device. The spring has a certain
spring coefficient, and the vibrating frame can drive
the cylinder to do vertical and reciprocating motion
along the slide rails on both sides. In order to mini-
mize the three-dimensional effect, the ports of the
U-shaped frame at both ends of the fixed cylinder
use thin and light plates. The diameter of the cylin-
der used in the experiment is consistent with that in
the numerical calculation. The spring coefficient K
equals 230.48 N/m, and the velocity of the uniform
incoming flow ranges from 0.13 to 0.34 m/s. The
corresponding reduction velocity U, varies within

Spring

<— Rail

Laser
displacement
sensor

THE==»

Light barrier <— Water tank

Cylinder

(a) Diagram of experimental device for VIV

(b) Experimental device for VIV

Fig.9 Experimental device for VIV

3.7-9.4 m/s.

By changing the velocity of incoming flow, the
vibration amplitude of the cylinder and the corre-
sponding £, /f, are monitored, and the maximum am-
plitude of the vibrating cylinder and the correspond-
ing frequency ratio range in the locking state can be
observed. Fig. 10 shows the change in 4/D and £, /f,
with U, in a self-induced vibration experiment. As
can be seen from the figure, when f, /f, is close to 1,
the amplitude ratio is greatly increased. In a certain
[ /f, range, A/D does not change greatly, which indi-
cates a locking state. At the same time, it can be ob-
served that the reduction velocity corresponding to
the locking range makes the maximum amplitude of
the cylinder reach about 0.8 D.

2.0
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Fig. 10 Variation of amplitude ratio and self-induced vibration

frequency ratio of cylinder with different reduction
velocity

3.3 Analysis of vortex shedding mode
transition

Williamson et al. B conducted experimental stud-
ies on the wake vortex shedding modes of a vibrat-
ing cylinder, defined different regions according to
the structural forms of wake vortex shedding, and
found that the main vortex shedding modes near the
locking region are 2S, 2P, and P+S. As the dimen-
sionless amplitude ratio increases, there is usually a
transition from 2S mode to P+S or 2P mode near
the critical line of vortex shedding mode transition.
Experimental studies have shown that at low Reyn-
olds numbers (Re < 300), the P+S mode will re-
place the 2P mode so that only the P+S mode oc-
curs in the whole region. At larger Reynolds num-
bers, the boundary between the P+S and 2P modes
is basically the same as the critical line of transi-
tion. It can be seen that as the Reynolds number
changes, it is not clear if the 2P mode or P+S mode
will appear after the vortex shedding mode in the
same region changes, but the critical line of the tran-
sition remains basically unchanges.
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Under the same forced vibration frequency ratio,
the vorticity of the same time in the range of A/D =
0.6-1.0 is selected. As shown in Fig. 11, the ampli-
tude ratio under different frequency ratios increases
sequentially from 0.6 to 1.0. It can be found that
when the amplitude ratio is less than 0.8, such as
the vortex pair marked by the red coil at A/D 0.7,
the wake vortex shedding of the cylinder is the P+S

A/D=0.6

(a) f4/,=0.91

Variation of vorticity under different frequency ratios with amplitude ratio

Fig. 11

4 Conclusions

In this paper, the position for selecting the re-
sponse value of the lift coefficient during the forced
vibration of the cylinder is studied, and the relevant
mechanism is analyzed. The maximum amplitude
of the VIV when the cylinder reaches a locking
state is predicted and verified through comparison,
and the transition of the vortex shedding mode
when the lift coefficient at the equilibrium position
is zero is discussed. Through the analysis, the fol-
lowing conclusions are drawn:

1) The response of the lift coefficient when the
cylinder has a forced vibration under the sub-critical
Reynolds numbers is quite different from that of
self-induced vibration. When the cylinder velocity
reaches the maximum during the forced vibration,
the monitored lift is only provided by the fluid
force, and it is reasonable to take the lift coefficient
corresponding to the maximum vibration velocity
(0.257) of the cylinder in the rising stage as the cal-
culation result.

2) The fitted curve of the numerical simulation re-
sult is in good agreement with the relevant fitted
curve by the VIV predictor SHEAR7, and their
changes remain highly consistent. Their lift coeffi-
cients both increase first and then decrease as the
amplitude ratio rises, which provides a method for
predicting the amplitude response of the VIV by es-
tablishing a C/-4/D model according to the numeri-

(b)/=1.00

mode. When the amplitude ratio is greater than 0.8,
such as the vortex pair marked by the red coil at
A/D=0.9, the wake vortex shedding is the 2P mode.
This implies that in the forced vibration, 4/D =
0.8 is the critical line for the transition of the wake
vortex shedding mode, and the zero-lift coefficient
point of the monitoring position appears at the same
time as the wake vortex shedding mode changes.

(e =1.11

cal result of the forced vibration.

3) The numerical calculation results show that
the zero-lift coefficient points at the equilibrium po-
sition of the cylinder during the forced vibration are
maintained near A/D = 0.8, and the prediction re-
sults are compared and verified by the self-induced
vibration experiments. Experimental results show
that when f, /f, is closer to one, the amplitude ratio
increases significantly, and as f, /f, varies within a
certain range, 4/D does not change significantly,
which indicates that the locking state is reached.
Meanwhile, the maximum amplitude of the cylinder
in the locking state is about 0.8D, which proves that
the prediction method is feasible.

4) The zero-lift coefficient at the equilibrium po-
sition and the corresponding wake vortex shedding
mode of the cylinder are discussed. The calculation
results show that when the amplitude ratio is less
than 0.8, the wake vortex shedding mode is the P +
S. When the amplitude ratio is greater than 0.8, the
wake vortex shedding mode is the 2P. The ampli-
tude ratio corresponding to the zero-lift coefficient
of the CI-A/D curve of the forced vibration is basi-
cally the same as the maximum response amplitude
ratio when the cylinder reaches the locking state
during VIV, and the wake vortex shedding mode
changes at this amplitude ratio.

In the future, the frequency ratio interval in
which the cylinder will reach a locking state under
uniform incoming flow can be predicted by calculat-
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ing the cylinder vibration under different Reynolds

numbers.
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