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Abstract：［Objectives］The propulsion shafting system of large ships usually has the characteristics of long shafting,
large span, and small slenderness ratio. Therefore， there is often elastic coupling effect between the bending
deformation and longitudinal deformation，which is easy to cause abnormal vibration of the shafting，and affect the safe
and stable operation of the shafting system. In order to study the nonlinear vibration characteristics of the shaft under
bending-longitudinal coupling effect，［Methods］the nonlinear vibration equations of the propulsion shafting under
bending-longitudinal coupling effect were derived by using the principle of variation，and then solved by numerical
methods such as finite element method（FEM）and shooting method and by approximate analysis method such as
multi-scale method. Then the influence of bending-longitudinal coupling effect on the nonlinear vibration
characteristics of shafting was analyzed and compared.［Results］ The results show that the bending-longitudinal
coupling effect causes complex vibration phenomena such as multi-frequency response，jumping phenomenon and
energy transfer in the shafting response，and increases the natural frequencies in the bending and longitudinal
direction of the shafting.［Conclusions］The study in this paper can provide reference for engineering design of large
ship propulsion shafting.
Key words：propulsion shafting；bending and longitudinal coupling；FEM；shooting method；multi-scale method
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0 Introduction

As the core component of the marine power plant,
the propulsion shafting can convert the main engine
power into the propeller thrust, which is then trans⁃
ferred to the hull through the thrust bearing to push
the ship forward. Under complex external loads such

as the excitation of propeller fluid, rotating shaft un⁃
balance, and bearing friction, the vibration of propul⁃
sion shafting in operation will inevitably occur. Ex⁃
cessive vibration easily leads to fatigue and instabili⁃
ty of the shafting, bearing wear and even failure, thus
affecting the safe and stable operation of the shaft⁃
ing. Therefore, the vibration characteristics of ma⁃
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rine propulsion shafting have always been a research
hotspot in this field [1-2]. The vibration of propulsion
shafting includes bending vibration, torsional vibra⁃
tion, and longitudinal vibration. At present, the lin⁃
ear theory is mostly used to study the propulsion
shafting, so the analysis and calculation of three
kinds of vibrations can be carried out independently
to simplify the model. For example, Li et al. [3] stud⁃
ied the bending vibration characteristics of marine
propulsion shafting and focused on the analysis of
the influence rule of supporting parameters on the
bending vibration characteristics. Li et al. [4] studied
the influence of main-engine vibration isolation on
the bending vibration characteristics of propulsion
shafting under ship rolling. Zhang et al. [5] studied
the longitudinal vibration characteristics of marine
propulsion shafting. Zhang et al. [6] analyzed the influ⁃
ence rule of geometrical parameters of thrust bear⁃
ings on the longitudinal vibration characteristics of
shafting. Hu et al.[7] studied the optimal design meth⁃
od for controlling the longitudinal vibration of propul⁃
sion shafting with resonance changer. Zhang et al. [8]

analyzed the longitudinal vibration characteristic
and vibration control strategy of propulsion shafting.
Polic et al. [9] studied the torsional vibration response
of shafting under the interaction between propeller
and ice. Tan et al. [10] carried out simulation and ex⁃
perimental study on torsional vibration of large ma⁃
rine propulsion shafting. All the above studies are
based on the linear theory. However, under the com⁃
plex working conditions of real ships, these three vi⁃
bration forms will produce a strong coupling effect,
such as bending-torsional coupled vibration, multi-
frequency, combination resonance, and self-excited
vibration of the shafting. Therefore, in order to avoid
the hidden dangers of engineering design, we have to
establish the nonlinear dynamic model of propulsion
shafting.

The coupling nonlinear vibration of marine propul⁃
sion shafting in different directions has been studied.
For example, Hua et al. [11], Hua [12], and Zhang et al. [13]

analyzed the bending-torsional coupled vibration of
the propulsion shafting under the friction excitation
of water-lubricated rubber bearings and the condi⁃
tions of self-excited vibration caused by bearing fric⁃
tion. Liu et al. [14] studied the bending-torsional cou⁃
pled vibration of the shafting caused by the eccen⁃
tricity of the propeller and analyzed the fatigue stress
of the shafting. Zhu et al. [15] studied the bending-tor⁃
sional coupled vibration of shafting under the cou⁃
pling impact of lubrication. Jiang et al. [16] studied the

bending-longitudinal coupled vibration of propul⁃
sion shafting caused by friction excitation. In recent
years, research results in this field have emerged in
endlessly, indicating that the influence of the nonlin⁃
ear effect of shafting on its vibration characteristics
has attracted attention in the industry.

In the above studies, the nonlinear effects are
caused by the existence of nonlinear excitation sourc⁃
es (such as friction excitation). However, in practical
engineering applications, large geometric deforma⁃
tion will also cause the nonlinear effects of shafting.
For the propulsion shafting of small ships, the stiff⁃
ness is large, and the geometric nonlinear effect is
small. However, the propulsion shafting of large
ships is generally very long (possibly hundreds of me⁃
ters in span), and the slenderness ratio is small (the
slenderness ratio is the ratio of the turning radius of
shafting section to the shafting length; the smaller
slenderness ratio can lead to the more "flexible"
shafting, which is an important index to investigate
the beam stiffness in engineering). Under the excita⁃
tion of propeller fluid and unbalanced load, the large
transverse deformation of shafting is easy to occur,
and then there is serious elastic coupling between
longitudinal deformation and transverse deformation.
This is the beam bending– longitudinal coupled vi⁃
bration caused by the geometric nonlinearity of large
deformation. Based on this, this paper intends to es⁃
tablish and solve the bending-longitudinal coupled
nonlinear dynamic equation of the marine propulsion
shafting. Then it uses the finite element method
(FEM) and multi–scale method to analyze the abnor⁃
mal vibration of propulsion shafting when the bend⁃
ing-longitudinal coupled nonlinear effect occurs, so
as to provide a reference for the engineering design
of large marine propulsion shafting.
1 Bending - longitudinal coupled

nonlinear dynamic model of ma-
rine shafting

Typical marine propulsion shafting consists of pro⁃
peller, back stern bearing, front stern bearing, inter⁃
mediate bearing, and thrust bearing, as shown in Fig. 1.
In this paper, it is assumed that the shafting has uni⁃
form section, and the propeller is simplified to
lumped mass. Moreover, each bearing is simplified
to spring and damping.

Based on Rayleigh mechanical model of beams
and Hamilton variation principle, a partial differen⁃
tial equation for the vibration of propulsion shafting
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considering the bending-longitudinal coupled non⁃
linear effect is established [17]:

ρAü - EAu″ - 1
2

EA(v′2 + w′2)′ = 0

ρAv̈ + EId v″″ - ρId v̈″ + å
j = 1

3

kj vδ(x - xj) - EA(u′v′)′ -

1
2

EA(w′2v′ + v′3)′ = 0

ρAẅ + EId w″″ - ρId ẅ″ + å
j = 1

3

kj wδ(x - xj) - EA(u′w′)′ -

1
2

EA(v′2w′ + w′3)′ = 0 （1）
where ρ is the density of shaft section; A is the
cross-sectional area of shaft section; u , v , w are
the longitudinal ( x -direction), transverse ( y -direc⁃
tion), and vertical ( z -direction) vibration displace⁃
ments of shafting respectively; E is the elastic mod⁃
ulus; Id is the second moment of area; kj is the stiff⁃
ness of each radial bearing, j = 1, 2, 3; x is the lon⁃
gitudinal distance of shafting; xj is the longitudinal
distance between the propeller and each radial bear⁃
ing; δ(x) is the Dirac function.

Equation (1) lists the nonlinear terms caused by
bending-longitudinal coupling. The physical mean⁃
ing of the last term of the first equation is the addi⁃
tional force generated in the longitudinal direction
when the shafting undergoes bending deformation.
The physical meaning of the penultimate term of the
second and third equations is the additional force
generated in the bending direction when the shafting
undergoes longitudinal deformation. The physical
meaning of the last term of the second and third
equations is the additional force generated by the in⁃
ter-coupling of transverse and vertical deformation
when the shafting has a large bending deformation. If
these nonlinear terms are ignored, Equation (1) can
be simplified to the partial differential equation for
the linear vibration of shafting.

In Equation (1), the force balance boundary condi⁃
tions to be met at both ends of the shafting are as fol⁃
lows:
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′
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（2）
where L is shafting length; M1 is the propeller mass;
k t is the stiffness of thrust bearing; F is external ex⁃
citation load; t is time; α is load phase; Ω is the ro⁃
tation speed of shaft; ω = 7Ω , is the rotation speed
under the secondary excitation frequency of blade
(7-blade propeller); Ip is the polar moment of iner⁃
tia of shaft; Jd1 is the radial rotational inertia of pro⁃
peller; Jp1 is the polar rotational inertia of propeller.

In Equation (2), the first equation indicates the
longitudinal force equilibrium, the second and third
equations the transverse shear equilibrium and the
moment equilibrium, respectively, and the fourth
and fifth equations the vertical shear equilibrium
and moment equilibrium respectively. Similarly, if
nonlinear terms are ignored, Equation (2) can be sim⁃
plified to the force balance boundary conditions re⁃
quired by the partial differential equation of the lin⁃
ear vibration of shafting.
2 Solving method of nonlinear

equation

The definite solution problem of the partial differ⁃
ential equations shown in Equation (1) and Equation (2)
can be solved by FEM [18-19] or by approximate analyti⁃
cal method such as multi-scale method after further
dimension reduction [17]. The FEM has a simple solv⁃
ing process and is applicable to the shafting with ar⁃
bitrary geometry, which has certain generality. How⁃
ever, this method is a numerical method, and it is dif⁃
ficult to obtain the analytical solution to the system,
so it cannot reveal some mechanisms. The multi-
scale method is an asymptotic analytical method, so
the analytical solution to the nonlinear system can be
obtained, but its solving process is complicated. In
this paper, both the two methods will be used for so⁃
lution. In Sections 3.1-3.3, FEM is used to analyze
the vibration when the system produces the bend⁃

x

y

z

Back sternbearing Front sternbearing
Propeller

Intermediatebearing
Shaft Thrustbearing

Fig.1 Schematic of marine propulsion shafting
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ing-longitudinal coupling effect. In Section 3.4, the
multi-scale method is used to analyze the influence
rule of the related parameters of shafting on the bend⁃
ing-longitudinal coupling effect of the system.
2.1 Finite element method

After the finite element theory is applied to Equa⁃
tion (1) and Equation (2), the element mass matrix
M e , gyroscopic matrix G e , and element stiffness
matrix K e can be deduced, where K e contains K e

1

(linear stiffness matrix), K e
2 (first displacement stiff⁃

ness matrix), and K e
3 (second displacement stiffness

matrix). The composition of M e , G e , and K e
1 is

completely consistent with the linear situation, so no
specific form is listed here, and only the nonlinear
stiffness matrices K e

2 and K e
3 are listed.
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（4）
where the coefficients such as a  f and ā  m̄ are
shown in Reference [19].

After M e , G e , and K e of each shafting unit are
assembled together and the influence of lumped
mass, support spring, and damping is considered, the
vibration differential equation of the shafting under
the bending– longitudinal coupling effect can be ob⁃
tained:

Mq̈(t) + C̄q̇(t) + Kq(t) = F(t) （5）
where q(t) is the displacement vector;
C̄ =ΩG + C ，where C is the damping matrix; F(t)

is the load vector.
Numerical integration methods such as Newmark

method can be used to solve Equation (5). When the
nonlinearity of the system is weak, a high accuracy

of the solution can be obtained by reducing the step
size. However, if the system is highly nonlinear, even
if the step size is small and the calculation amount is
large, the accuracy of the solution is not satisfactory.
At this time, the Newton-Raphson method can be
used for solution. First, the approximate solution at
the time step is obtained by the Newmark method,
and then the Newton-Raphson method is used for
further searching to obtain the more accurate numeri⁃
cal solution [18]. If the periodic solution to the system
is needed, the shooting method can also be com⁃
bined, as shown in Reference [19].
2.2 Multi-scale method

It is assumed that x* = x
L
，t* = ar

L2

E
ρ

t，

u* = u
e0

， v* = v
e0

，w* = w
e0

，Ω* = L2

ar
ρ
E
Ω , where a

is a constant; r = Id A is the turning radius of the
section; e0 is the approximate eccentricity of
lumped mass. For simplicity of expression, the aster⁃
isks in the dimensionless variables x* t*u*v*w*

and Ω* are removed and then substituted into Equa⁃
tion (1). There are

a2 s2 ü - u″ - 1
2

e0

L ( )v′2 + w′2 ′
= 0

a2 s2 v̈ + s2v″″ -
e0

L ( )u′v′
′
- a2 s4 v̈″ -

2Ωa2 s4ẇ″ + å
j = 1

3

Kj v = 0

a2 s2ẅ + s2w″″ -
e0

L ( )u′w′ ′
- a2 s4ẅ″ +

2Ωa2 s4 v̇″ + å
j = 1

3

Kj w = 0 （6）

where s =
Id

AL2
is the slenderness ratio; Kj is the

stiffness ratio (the ratio of bearing stiffness to longitu⁃
dinal stiffness of the shafting) and 0

1

Kjdx =
kj L

EA
.

The partial differential equation shown in Equa⁃
tion (6) can be transformed into ordinary differential
equation by the Galerkin method, and the trial func⁃
tion will adopt a linear modal shape. It is assumed
that u(x t) = ϕ1(x)X1(t) ，v(x t) = φ1(x)Y1(t) ，and
w(x t) = ψ1(x)Z1(t) , where ϕ1(x) is the longitudinal
first-order modal shape; φ1(x) is the first-order
modal shape of transverse bending; ψ1(x) is the
first-order modal shape of vertical bending; X1(t) ,
Y1(t) , and Z1(t) are the longitudinal, transverse, and
vertical vibration displacements on time scales re⁃
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spectively. After the above is substituted into Equa⁃
tion (6), based on the boundary conditions and modal
damping, there is
Ẍ1 + 2ξuωu Ẋ1 +ω

2
u X1 = F1 cos(ω1t + α) + εγ1( )Y 2

1 + Z 2
1

Ÿ1 + 2ξvẎ1 + Y1 + βŻ1 = εγ2 X1Y1

Z̈1 + 2ξv Ż1 + Z1 - βẎ1 = εγ2 X1Z1 （7）
where ξu and ξv are the longitudinal and trans⁃
verse modal damping ratios, respectively; ωu is the
first-order dimensionless longitudinal natural fre⁃
quency, F1 =

FLϕ1(0)
EAe0

; ω1 is the dimensionless
blade frequency speed, and for a 7-blade propel⁃
ler, ω1 = 7Ω* ; ε ，γ1 , and γ2 are calculation co⁃
efficients, and εγ1 = -

e0

2L 0
1

ϕ′1φ
′2
1 dx = -

e0

2L 0
1

ϕ′1ψ
′2
1 dx，

εγ2 = -
e0

L 0
1

ϕ′1φ
′2
1 dx = -

e0

L 0
1

ϕ′1ψ
′2
1 dx ；β = 2Ωa2 s4

æ

è
çç

ö

ø
÷÷

Jd1ψ
′
1(0)φ′1(0)

ρId L
+ 0

1

φ′1ψ
′
1dx .

Equation (7) is obtained based on the variation
principle and the Galerkin method. In fact, for the
energy functional, Equation (7) can also be obtained
by the Ritz method combined with Lagrange equa⁃
tion, as shown in Reference [20]. With the
multi-scale method and the classical Runge-Kutta
method [21] to solve Equation (7), the nonlinear vibra⁃
tion characteristics of the shafting under bend⁃
ing-longitudinal coupling can be obtained.
3 Influence of bending–longitudi-

nal coupling effect on vibration
characteristics of shafting

This section will explain the influence of bend⁃
ing-longitudinal coupling effect on the nonlinear vi⁃
bration characteristics of shafting, such as multi-fre⁃
quency, jumping and energy migration. It will briefly
analyze the influence of various parameters of shaft⁃
ing (such as support bearing, propeller mass, and
slenderness ratio of shafting) on the nonlinear
strength of bending-longitudinal coupling.
3.1 Multi-frequency response

For linear systems, the frequency component of
the steady-state response is always consistent with
the excitation force. However, for nonlinear systems,
in addition to the frequency component of the excita⁃
tion force, other frequency components may appear
in the response, namely the multi-frequency re⁃
sponse. With the propulsion shafting shown in Table 1

as the research object, the FEM introduced above is
used for solution.

It is assumed that the excitation frequency flongitudinal
of longitudinal blades of the shafting is 23.3 Hz, and
the excitation frequency ftransverse of transverse blades
is 20 Hz. The vibration response of shafting is calcu⁃
lated by the Newmark method and Newton-Raphson
method. The time domain and frequency domain of
the response at the midpoint of shafting are selected
as the study objects. The calculation results are
shown in Fig. 2.

Fig. 2 shows that although both transverse and lon⁃
gitudinal excitations are single-frequency excita⁃
tions, other new frequency components appear in the
response in addition to the excitation frequency com⁃
ponent after considering the bending-longitudinal
nonlinear coupling effect (Table 2).

Table 1 The main parameters of propulsion shafting

Parameter
Shaft length/m

Outer diameter/mm
Inner diameter/mm

Material
Proeller mass /kg

Stiffness of thrust bearing /（N·m-1）

Damping coefficient of thrust bearing
Stiffness of intermediate bearing/（N·m-1）

Damping coefficient of stern bearing
Stiffness of intermediate bearing/（N·m-1）

Damping coefficient of intermediate bearing

Value/attibute
14.46
280
165

Q235
1 300

1.34×1010

0.01
3.05×108

0.01
1.06×108

0.01

（b）Frequency spectrum of longitudinal displacement at L/2
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（a）Time-history curve of longitudinal displacement at L/2
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It can be seen that even if there is only single fre⁃

quency excitation, the bending-longitudinal nonlin⁃
ear coupling effect of shafting will lead to multi-fre⁃
quency response. The new frequency components are
various combinations of excitation frequencies, and
the combination forms are mainly related to the non⁃
linear order and response product. Equation (1)
shows that the nonlinear order of the bending-longi⁃
tudinal coupling of shafting is mainly quadratic and
cubic, and the product of bending response and lon⁃
gitudinal response is dominant. Therefore, the new
frequency component is also represented as two or
three times of the excitation frequency. Moreover,
the product relationship in the response is reflected
as the addition and subtraction of excitation frequen⁃
cy in the spectrum.

The team of authors has tested the vibration re⁃
sponse of the propulsion shafting of several ships in
service. According to the test results, the above
multi-frequency response is real.
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Time/s

0.010

0.005

0

-0.005

-0.010Tra
nsv
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（c）Time-history curve of transverse displacement at L/2

（d）Frequency spectrum of transverse displacement at L/2
10 20 30 40 50 60 70 80 90 100 110

Frequency/Hz

x：3.281
y：512

Fig.2 Time domain and frequency domain response at L/2 of
shafting

x：19.99
y：608.4600

550
500
450
400

Am
plit

ude
/dB x：43.34

y：517.3
x：59.97
y：457.7

Displacement
direction

Transverse
Longitudinal

Frequency component

|| f transverse - flongitudinal =3.3 Hz，f transverse + flongitudinal =43.3 Hz，3f transverse =60 Hz
||2f transverse - flongitudinal =16.7 Hz， ||2f transverse + flongitudinal =63.3 Hz，2f transverse =40 Hz，4f transverse =80 Hz

Table 2 The new frequency components in the response

3.2 Jumping response

In this section, the FEM and shooting method are
combined for solution [19]. The amplitude– frequency
response curves of shafting under blade frequency
excitation are shown in Fig. 3 when the shafting is ac⁃
celerated or decelerated. The figure shows as follows:
1) The bending-longitudinal coupling effect shows a
"hard spring" characteristic, so the resonance fre⁃
quency of shafting is slightly higher than the linear
natural frequency. 2) At some frequency points, the

response curve has three solutions at the same time
(two stable solutions and one unstable solution), so
there is jumping.

From a physical point of view, the bending-longi⁃
tudinal nonlinear coupling effect will cause positive
nonlinear stiffness of the shafting. This will be super⁃
imposed on the original linear stiffness, thus increas⁃
ing the resonance frequency of the shafting.

Fig. 4 shows the amplitude-frequency response
curves of shafting with different damping ratios and
slenderness ratios (in the figure, σ is the frequency
detuning parameter, and 7Ω - ε2σ = wf where wf is
the first-order transverse forward natural frequency
of shafting). As can be seen from Fig. 4, the smaller
damping ratio and slenderness ratio can lead to the
stronger nonlinear effect of the bending-longitudinal
coupling of the shafting. Therefore, the geometric
nonlinear effect can be suppressed by enlarging the
damping ratio, thereby improving the stability of the
shafting.
3.3 Energy migration

It is well known that for linear vibration, the vibra⁃Fig.3 Amplitude frequency response curves of shaft under
blade frequency excitation
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tion in all directions is independent of each other
and does not interfere with each other. However for
nonlinear vibration, there may be energy migration
between vibrations in all directions. As shown in Fig. 5,
when the bending-longitudinal coupling effect exists
in the shafting, there is energy penetration between
bending vibration and longitudinal vibration under
certain working conditions. In Fig. 5, au is the longi⁃
tudinal vibration amplitude; av is the forward ampli⁃
tude of bending vibration; bv is the backward ampli⁃
tude of bending vibration. In the calculation process,
the excitation force is applied only in the longitudi⁃
nal direction, and there is no load in the bending di⁃
rection [20,22]. It can be seen from the figure that for
the critical load f2 , when the excitation force is less
than f2 , the longitudinal vibration amplitude in⁃
creases linearly with the rise of excitation force, and
the bending vibration amplitude is 0, which is consis⁃
tent with the conclusion of linear vibration. When
the excitation force is greater than f2 , the longitudi⁃
nal vibration amplitude will remain unchanged with
the further increase in excitation force. After the en⁃
ergy is saturated, the excess energy will be trans⁃
ferred to the bending direction, which will further in⁃
crease the bending vibration amplitude. Meanwhile,

the forward and backward energy distribution is in⁃
versely proportional to the precession frequency [22],
so backward amplitude is higher than forward ampli⁃
tude.

The critical load f2 is closely related to the sys⁃
tem parameter, excitation frequency, and nonlinear
strength. Fig. 6 shows the variation of critical load f2
with the damping ratio of system. It can be seen from
the figure that as the damping ratio decreases, the
critical load f2 also reduces, indicating that energy
migration can also occur under small excitation force.

In the design of propulsion shafting, in order to ef⁃
fectively control the longitudinal vibration of the
shafting, the characteristic of energy penetration can
be fully used to keep the longitudinal vibration am⁃

（b）Slenderness ratio
Fig.4 Variation of amplitude frequency response curves with

damping ratio and slenderness ratio
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plitude at a "limit value" without increasing further
with the rise of the longitudinal excitation force.
3.4 Influence of shafting parameters on

nonlinear strength of system

In this section, the influence of parameters such
as bearing stiffness, propeller mass, and slenderness
ratio on the nonlinear parameter Λ1 (reflecting the
nonlinear strength of bending-longitudinal coupling
of shafting) will be discussed with the multi-scale
method [23]. The calculation results are shown in Fig. 7.
From the figure, the nonlinear effect of bending-lon⁃
gitudinal coupling can be suppressed by increasing
the bearing stiffness of the back stern within a cer⁃
tain range. The nonlinear effect of bending-longitudi⁃
nal coupling can be enhanced by enlarging the bear⁃
ing stiffness of the front stern and thrust bearing stiff⁃
ness within a certain range. The influence of interme⁃

diate bearing on the bending-longitudinal coupling
effect is small. The bending-longitudinal coupling ef⁃
fect can also be enhanced by increasing the propel⁃
ler mass and reducing the slenderness ratio.

The influence mechanism of shafting parameters
on the bending-longitudinal coupling effect of the
system is as follows:

1) The first-order bending vibration mode of the
propulsion shafting is generally represented as the vi⁃
bration at the propeller. Therefore, increasing the
back-stern bearing stiffness or reducing the propel⁃
ler mass can effectively reduce the bending vibration
of shafting, thereby suppressing the bending-longitu⁃
dinal coupling effect of the shafting.

2) For the first-order longitudinal vibration of the
shafting, since the thrust bearing stiffness is general⁃
ly much smaller than the tensile or compression stiff⁃
ness of the shafting itself, the first-order longitudinal
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mode is dominated by the overall translation of shaft⁃
ing. This vibration mode will not cause longitudinal
deformation of the shafting, so it will not cause the
bending-longitudinal coupling effect of the shafting.
However, as the thrust bearing stiffness grows, when
its value is equivalent to the tensile or compression
stiffness of the shafting itself, the first-order longitu⁃
dinal vibration of the shafting will no longer be repre⁃
sented as an overall translation but the longitudinal
deformation of the shafting itself. At this time, the
shafting will produce a significant bending-longitudi⁃
nal coupling effect. Meanwhile, as the thrust bearing
stiffness rises, the bending-longitudinal coupling ef⁃
fect of the shafting becomes stronger and stronger.
The influence rule of the front stern bearing on the
first-order bending vibration is similar to that on the
longitudinal vibration, so it will not be explained in
this paper.

3) Since the intermediate bearing is located at the
front end of the shafting, its influence on the first-or⁃
der bending vibration mode of the shafting is very
small. Therefore, the influence on the bending-longi⁃
tudinal coupling effect of the system is also not obvi⁃
ous.

4) The increase in the slenderness ratio of shafting
can effectively increase the shafting stiffness, thus re⁃
ducing the bending and longitudinal deformation of
the shafting and finally suppressing the bending-lon⁃
gitudinal coupling effect of the shafting.
4 Conclusions

In this paper, the partial differential equation of
nonlinear vibration of shafting under bending-longi⁃
tudinal coupling is established. The solutions to non⁃
linear equations by FEM and multi-scale method are
described, and the influence of bending-longitudinal
coupling effect on the nonlinear vibration characteris⁃
tics of shafting is analyzed. The following conclu⁃
sions are obtained:

1) Compared with the linear model, the bend⁃
ing-longitudinal coupling effect will increase the nat⁃
ural frequency of the shafting.

2) When the bending-longitudinal coupling effect
of shafting occurs, the vibration response of shafting
will have complex vibration phenomena such as
multi-frequency response, jumping response, and en⁃
ergy migration.

3) The bending-longitudinal coupling effect of
shafting can be suppressed by enlarging the
back-stern bearing stiffness, which can be enhanced
by increasing the front-stern bearing stiffness and

thrust bearing stiffness. However, the influence of in⁃
termediate bearing on the bending-longitudinal cou⁃
pling effect is small.

4) The larger excitation load and the smaller damp⁃
ing ratio can lead to the stronger bending-longitudi⁃
nal coupling effect of shafting.
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船舶推进轴系弯—纵耦合效应的
非线性振动特性
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摘 要：［目的目的］大型船舶的推进轴系一般具有轴系长、跨度大、细长比小等特点，其弯曲变形与纵向变形之间

易存在弹性耦合效应，从而引起轴系异常振动，影响轴系的安全稳定运行。为了研究轴系弯—纵耦合的非线性

振动特性，［方法方法］利用变分原理推导轴系发生弯—纵耦合时的非线性振动方程，采用有限元法（FEM）、打靶法

等数值方法，以及多尺度法等近似解析方法对非线性方程进行求解，并对比分析弯—纵耦合效应对轴系非线性

振动特性的影响。［结果结果］计算结果表明：弯—纵耦合效应将导致轴系响应中出现多频响应、跳跃现象、能量迁移

等复杂的振动现象，同时将增加轴系弯曲方向和纵向方向的固有频率。［结论结论］研究成果可为大型船舶推进轴系

的工程设计提供参考。

关键词：推进轴系；弯—纵耦合；有限元；打靶法；多尺度法
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